In this article we report on lattice results for the Landau gauge gluon propagator using large statistical ensembles. In particular, the compatibility of the lattice data with the tree level predictions of the Refined Gribov-Zwanziger and the Very Refined Gribov-Zwanziger actions is analysed, complementing earlier work using small-scale statistics. Our results show that the data is well described by the tree level estimate only up to momenta p 1 GeV and clearly favors the so-called Refined Gribov-Zwanziger scenario propagator. For the Very Refined Gribov-Zwanziger action, this results implies a particular relation between d = 2 condensates. Furthermore, we also provide a global fit of the lattice data that interpolates between the above scenario at low momenta and the usual continuum one-loop renormalization improved perturbation theory after introducing an infrared log-regularizing term.
SU (2) and SU(3) gauge groups in four dimensions by several groups using various lattice spacings and physical volumes [1, 2, 3, 4, 5, 6, 7, 8, 9] . These calculations gave a clear picture on the behaviour of the gluon propagator and a reasonable understanding of the finite space and volume effects on the gluon two point correlation function. The access to the deep infrared region was achieved by performing simulations on huge physical volumes at relatively small β values, i.e. large lattice spacings, which seems to suppress the propagator at small momenta. These simulations on huge physical volumes, which had in mind the deep infrared region, have a limited access to the ultraviolet region and provide no information on the propagator for momenta p 4 GeV. On the other hand, the simulations for the propagators suggest that finite volume effects are marginal for simulations on physical volumes (6.5 fm) 4 that use a lattice spacing a 0.1 fm.
As described in [10, 11] some of the differences in the infrared, if not all, of the results reported for the gluon propagator by the various research groups can be attributed to a not so precise setting of the lattice scaling. Indeed it was found that a change of about 3% on the value for the lattice spacing improve considerably the agreement of the lattice data computed at different β values.
The lattice gluon propagator has oftentimes been interpreted in terms of the tree level predictions of the Gribov-Zwanziger action and its generalizations [4, 7, 12, 13, 8, 14, 15] , with applications in [16, 17, 18] . The Faddeev-Popov construction is plagued with the problem of the Gribov copies which, from a theoretical point of view, invalidates its use to tackle non-perturbative problems, i.e. to study the infrared region. The Gribov-Zwanziger action incorporates a restriction of the functional integration space to the first Gribov horizon, where the eigenvalues of the Faddeev-Popov operator are positive definite, and as such a considerable set of gauge copies is discarded [19, 12] . The Gribov-Zwanziger family of actions do not solve completely the Gribov ambiguity, but at least they provide an improved gauge fixing for the gauge sector when compared to the Faddeev-Popov generating functional. A complete resolution of the Gribov copies requires implementing the restriction of the functional integration to the fundamental modular region, an open problem with no known solution so far [20] .
The tree level gluon propagator predicted by the Gribov-Zwanziger action and its generalizations is a ratio of polynomials in p 2 that, at large momenta, reduces the Landau gauge propagator to 1/p 2 and recovers the usual perturbative behaviour for the ultraviolet regime. In general and for the simulations performed until now, the lattice data for the Landau gauge gluon propagator seems to be compatible with the tree level prediction of the so-called Refined Gribov-Zwanziger action. The outcome of the analysis of the lattice data within this picture results in a gluon propagator that is described by a pair of complex conjugate poles that are emplaced on the negative side of the complex Euclidean p 2 plane, namely Re(p 2 ) ≈ −250 MeV and with |Im(p 2 )| ≈ 450 MeV being larger than its real part. This set of infrared poles configure a non-physical gluon, in the sense that such a particle cannot contribute to the -matrix. Furthermore, a propagator with complex conjugate poles rises fundamental questions such as the violation of causality that possibly can be precluded because the gluon does not seem to be a physically observable, but rather a confined, particle [21, 22] . Note also that if the gluon propagator is described by a pair of complex conjugate poles, then no Källén-Lehmann spectral representation can be associated to the gluon. However, in [23, 24] the authors were able to compute such a spectral representation for the gluon propagator that describes rather well the lattice data, see also [25] . Although these results seem to be contradictory, this is to be expected, in the sense that given a finite set of data points, there is no unique way to associate an analytic continuation of this set to the whole complex plane, and the Källén-Lehmann representation is doing nothing else than offering a possible analytic continuation for a non-physical particle, in contradistinction with the case of a physical propagating degree of freedom, which ought to have a Källén-Lehmann spectral representation based on general grounds.
The analysis of the lattice data within the Gribov-Zwanziger picture relies on its tree level predictions and, clearly, one should identify corrections that change its deep infrared, its large momentum region behaviour and that, eventually, might wash out the estimated complex conjugate poles. It is somehow surprising that tree level perturbation theory within the Gribov-Zwanziger approach is able to describe so well the Landau gauge lattice gluon propagator or, said it otherwise, that the non-perturbative gluon propagator can be understood from a perturbative analysis with a conveniently modified action. This seems to be case not only for the Refined Gribov-Zwanziger action, see e.g. [4] , but also using the Curci-Ferrari model, see e.g. [26] .
The analysis till now of the lattice Landau gauge gluon propagator used relatively small ensembles of gauge configurations, with several studies relying on (100) gauge configurations per value of β [1, 2, 3, 4, 5, 6, 7, 8, 9, 27, 28] . It is therefore quite natural to wonder whether the compatibility of the Landau gauge lattice gluon propagator and the (tree level) predictions of the Refined Gribov-Zwanziger action still holds for very large statistical ensembles of gauge configurations, i.e. is a high statistical precision computation of the gluon propagator sensitive to the corrections to the tree level result of the Gribov-Zwanziger construction? Of course, such a study also serves as a test of the predictability of the (Refined and Very Refined) Gribov-Zwanziger action. Herein we try to answer these simple questions via a high statistical calculation of the gluon propagator and presenting dedicated fits. In particular, we will use a minimizing χ 2 /d.o.f. fitting procedure taking into account correlations between the different momenta through the covariance matrix. This automatically allows to control the quality of the fit via the value of the
In this paper, the Landau gauge gluon propagator is computed for two large ensembles of gauge configurations with large physical volumes, and the compatibility of the lattice data with the tree level predictions of the family of GribovZwanziger actions, i.e. the Refined Gribov-Zwanziger (RGZ) and the Very Refined Gribov-Zwanziger (VRGZ) tree level gluon propagators will be investigated.
Lattice Setup, Lattice Data and the Tree Level Gribov-Zwanziger Gluon Propagator
Herein, we will analyse two large physical volume lattice simulations performed with β = 6.0, i.e. with a lattice spacing of 1/a = 1.943 GeV, i.e. an a = 0.1016 (25) fm, measured from the string tension. The simulations rely on 64 4 and 80 4 lattices whose physical volume are (6.57 fm) 4 and (8.21 fm) 4 , respectively. The ensemble associated to the smaller volume uses 2000 gauge configurations rotated to the Landau gauge, while for the largest physical volume the propagator is computed using 550 gauge configurations rotated to the Landau gauge. The details on the sampling, gauge fixing and definitions can be found in [29, 9] .
In the Landau gauge, the gluon propagator has a single form factor
is the lattice momentum,
is the continuum momentum,
the orthogonal projector, L is the number of lattice points in each space-time direction and V = L 4 the lattice volume. The smallest non-vanishing continuum momentum accessed in the simulations is 191 MeV for the 64 4 lattice and 153 MeV for the 80 4 lattice. For the two simulations the largest physical continuum momentum considered is about 7.7 GeV.
The lattice data referred here were renormalised within the MOM scheme at a scale µ = 3 GeV by demanding that
This choice of the renormalization point allows to compare results with the previous study performed in [4] .
The renormalization constants were computed by fitting the bare lattice data in the momentum region p ∈ [1.5, 4.5] GeV for the 64 4 lattice and p ∈ [1, 5] GeV for the 80 4 data to the Padé (rational function) approximation
where M 1 , M 2 and M 3 have mass dimensions, and then rescaling the lattice data using the results of the fit, which is physically motivated by [30, 31, 21] .
f. of the fits are 1.43 for the data from the 64 4 lattice and 0.95 for the data coming from the simulation using the 80 4 lattice. The renormalization constants for the two lattices differ by 0.068%. We take this result as an indication that the finite volume effects are negligible for the fitting range and will thence assume that no systematics are associated with the renormalization procedure. In the following, we also disregard possible effects due to Gribov copies, in the sense that we did not take into account possible deviations in the generated Landau gauge ensembles of configurations due to different (local) maxima of the Landau gauge maximizing functional [29] .
The problems associated to the definition of the physical scale referred in [10, 11] are also not taken into account. Given that we are using a unique β value in the simulations, there are no ambiguities coming from the scale setting.
In order to reduce lattice artifacts for momenta above 0.7 GeV, we performed the conical and cylindrical cuts as described in [27] . For momenta smaller than 0.7 GeV, we consider all lattice data. The choice of p = 0.7 GeV to distinguish the momenta where the conical and cylindrical cuts are applied was made to reduce the effects associated to the breaking of rotational symmetry. Indeed, choosing a higher value, let us say 0.8 GeV, then for momenta below 1 GeV, one can observe different data points for the same q 2 that are associated to D (q 2 ) which differ by much more than a single standard deviation. In previous studies we have used 1 GeV instead of 0.7 GeV to distinguish the two sets of momenta, but herein given the larger ensembles considered, to avoid problems due to rotational invariance, this momentum cut has to be lowered. We have checked that the different choice of the scale to apply the momentum cuts do not change the conclusions reported herein.
The renormalized gluon propagator at µ = 3 GeV can be seen in Fig. 1 . The two ensembles seem to define a unique curve which, again, suggests that finite volume effects are well under control.
As already mentioned, the fitting analysis of the two gluon correlation functions will be performed using first the tree level Refined Gribov-Zwanziger prediction, which implements the functional restriction to the first Gribov horizon and defines a local renormalizable quantum field theory [30, 31, 32] . In order to define a local action, besides the gluon field A In its original proposal, the perturbative analysis of the action points towards a gluon propagator which vanishes at zero momenta
where γ is the Gribov parameter with the dimension of mass, whilst reproducing the original behaviour found by Gribov [19] . This prediction is not compatible with the outcome of contemporary lattice simulations. Though, the predictions of the Gribov-Zwanziger action can be reconciled with the lattice results by taking into account certain dimension two condensates, associated to local composite operators [30, 31, 33] .
These condensates show up as minima of the corresponding effective potential [34] and introduce further mass scales into the theory which are labeled as
It follows that by taking into account all the above condensates, the tree level gluon propagator reads
where
In the particular case where 〈ϕ ϕ〉 = 〈ϕ ϕ〉, i.e. when ρ is a real number, the above expression simplifies to
the case studied first in [4] , see also [7] . The compatibility of the last functional form, supplemented by an overall residuum Z , with the lattice data was investigated in [4, 7, 13] .
Herein, we aim to check how well the lattice data is described by equation (12) using very large ensembles. In order to perform such study, we tried to fit the lattice data from p = 0 up to the momentum p ma x using the functional forms
where M i are fitting parameters with dimensions of mass. In particular, we are interested to check how far can we go on p ma x , how stable are the fits and if it is possible to distinguish between the various scenarios. Note that for D V RG Z (p 2 ) we do not include an overall normalization factor Z or, said otherwise, we set Z = 1. This choice is due to the already "large number" of fitting parameters in (15) and also on the outcome of the fits to the lattice data when using D RG Z (p 2 ) -see discussion below and, in particular, the results reported on Tab. 1, showing that Z ≈ 1 for not too large p m a x .
Results
For the functional forms (14) and (15) As Fig. 2 shows, when one considers the ensemble with the smaller number of gauge configurations, represented by open circles on that Fig. 2 , the fits to any of the functional forms seem to be compatible with lattice data for a larger range of momenta. Indeed, for this ensemble it is possible to find a set of parameters with a χ 2 /d.o.f. 2 and a p m a x ∼ 6 GeV. On the other hand, for the ensemble with a larger number of gauge configurations (64 4 lattice), which is about four times that of the smaller ensemble (80 4 lattice) and, therefore, has an associated statistical error which is about half of the smaller ensemble, the maximum of p ma x satisfying the same conditions is p m a x ∼ 1 GeV and, typically, does not go further than 1.5 GeV.
Fitting D RG Z (p
2 )
The fits to the Refined Gribov-Zwanziger functional form of Eq. (14) performed using the larger ensemble, i.e. those to the 64 4 lattice data, are compatible with the lattice propagator up to momenta 1 GeV. On the other hand, the fits performed with the smaller ensemble, i.e. those relying on the 80 4 lattice data, show that Eq. (14) is able to reproduce faithfully the lattice data over a quite larger range of momenta, almost up to the largest momenta available ∼ 6 GeV. These results are in agreement with previous studies using ensembles that have, at most, about half of the size of our smaller ensemble [8, 9, 4, 13, 7] . Our conclusion being that the RGZ functional form is compatible with the infrared behaviour of the lattice gluon propagator.
The details of the fits to the RGZ functional form are reported on Tab. 1. In what concerns the fits using the smaller lattice (larger ensemble), the results for p ma x 0.7 GeV are stable and agree well with the corresponding fits for the larger lattice (smaller ensemble). From the results of fitting the larger ensemble, one concludes that D RG Z (p 2 ) is compatible with the lattice data up to p ∼ 1 GeV. The fits done using the smaller ensemble allow higher values of p . However, as can be seen on Tab. 1 from p = 1.10 GeV onwards, there is a clear trend visible on the data.
On the other hand, if one sets Z = 1, see the lowest part of Tab. 1, the fitting ranges are quite similar as those found for D RG Z (p 2 ) and the values for the various fitting parameters are similar to those found in the upper part of the table, being compatible within one standard deviation.
For comparison we reproduce the results reported in [4] , which also use µ = 3 GeV as renormalization scale, and where the first study of the compatibility be- 
Fitting D V RG Z (p
The quality of the description of the lattice gluon propagator by the tree level functional form associated to the Very Refined Gribov-Zwanziger action (VRGZ) given in Eq. (15) can be seen on Fig. 2 . As the Fig. shows, qualitatively there is no significant difference between the RGZ and the VRGZ scenarios and, indeed, the range of p m a x whose fits have a ν = χ 2 /d.o.f. 2 is similar. This is somehow unexpected as the number of fitting parameters in (15) is larger than in (14) and, therefore, one would expect that the VRGZ would allow for larger values of p ma x , whilst keeping reasonable values for ν. The main difference will appear at the level of the estimation of the statistical errors, which one expects to be larger for the scenario with the larger number of fitting parameters.
In Tab for a p m a x = 1.1 GeV. The good agreement of the numerics suggests that, indeed, the lattice data in the infrared region defined by p 1 GeV is well described by the tree level Refined Gribov-Zwanziger prediction for the gluon propagator. Furthermore, if the VRGZ reduces to the RGZ, then the equality between the condensates 〈ϕ ϕ〉 = 〈ϕ ϕ〉 should also hold.
Global Fits: from Infrared to Ultraviolet
From the discussion of the previous section, one can claim that we have now a theoretically motivated expression to describe the infrared lattice gluon propagator. At high energies one expects to recover the usual perturbative behaviour, whose 1-loop renormalization group (RG) improved results reads, for large p 2 ,
where γ g l = − A good global fitting function should interpolate between these two results (RGZ in the infrared, and the above RG-improved expression in the ultraviolet) and, therefore, we investigate how functional forms of the type
where ω = 11N α s (µ)/(12π) and α s (µ) is the strong coupling constant defined at the renormalization scale µ, are able to describe the lattice data for the two ensembles considered herein. In the above expression, to regularise the leading log one has to introduce a "log-regularisation mass" m 2 g (p 2 ) which should become negligible at high momentum in order to recover the perturbative result.
For now, we do not have any actual analytical estimates of how the one-loop Refined Gribov-Zwanziger action would affect the ultraviolet log structure. The tree level propagator, with its complex pole structure, will generate a complicated cut structure in the complex p 2 -plane, with various real and complex branch points [35] .
However, such 1-loop computation would still need to be RG resummed, and in presence of multiple scales, including p 2 , a proper RG resummation is rather complicated and only amenable to a numerical approach [36, 37, 26] , again bringing us out of the area of closed functional fitting forms.
We will therefore resort to fairly simple parameterizations of the log. We notice that the expressions D RG Z (p 2 ) and D V RG Z (p 2 ) can be put in the form
and, therefore, they provide natural definitions for a "regularizing mass". In particular, the Refined Gribov-Zwanziger approach will give
The fits performed using this functional form unfortunately give a rather poor χ 2 /d.o.f. Indeed, as discussed later the fits for the larger ensemble and smaller lattice vol-
Besides the log-regularizing mass inspired by RGZ, we also considered the following cases
The first case corresponds to a constant mass [26, 38] , the simplest regularization mass that one can think about, the second case is a modified version of [39] , see also [40] and [6] where it was used to interpret the lattice gluon propagator. The last mass function is a further modified version of (21) that allows better values for the χ 2 /d.o.f., see hereafter.
For our fits, we took Λ Q C D = 0.425 GeV as the MOM-scheme value estimated in [41] for pure Yang-Mills theory, based on the lattice works [42, 43, 8] and set α s (3 GeV ) = 0.3837, following [44] . We call the reader's attention that the entries α s , and therefore ω, as well as Λ Q C D are fixed parameters, not part of the fitting procedure.
The outcome of the global fit to the lattice data using the expressions (19)- (22) for the log-regularizing mass can be appreciated on Fig. 3 for the largest ensemble considered herein. Although for each of the ensembles the curves are almost indistinguishable, in terms of the value of the χ 2 /d.o.f. there are noticeable differences.
In the following we will show only the fits to the largest ensemble to not overload the text. The outcome of the fits using the smaller but larger physical volume produce numbers which are compatible with those shown below within one standard deviation.
The fits using the RGZ regularisation mass given by (19) For completeness, on Fig. 4 we show the log-regularizing mass for the various cases studied here. Note that all the log-regularizing running masses become negative for p 1 GeV, except for the case given by Eq. (20) .
The global expressions used here have poles at
while branch points are solutions of the equation
The first equation defines complex conjugate poles at Euclidean momenta
and where typically | Im p 2 | ≈ | Re p 2 |. The branch points associated to the second equation can be on the real Euclidean axis or define a pair of complex conjugate branch points. For the best fits, these are located at
for the modified power law mass (22) . For the power law mass (21), the branch points are at
For the constant mass (20) , the branch point is at
and for the RGZ mass (19) at
We call the reader's attention that the conjugate complex poles computed by solving Eq. (26) using either the outcome of the global fits or the outcome of the fits up to momenta p = 1 GeV give similar numbers.
Summary and Conclusions
In the current work, we have analysed the compatibility of high statistical lattice calculations of the Landau gauge gluon propagator and the tree level predictions of the Refined Gribov-Zwanziger (RGZ) action and of the Very Refined GribovZwanziger (VRGZ) action. Compared to previous studies, the statistical ensembles used here are more than ten times larger. Our results show that the tree level propagators associated to both actions are able to describe the lattice data up to momenta p 1 GeV. As discussed in the main body of our paper, for smaller statistics, the UV logs are hard to distinguish and as such, the tree level predictions of RGZ extend to much larger momenta. This clearly illustrates the importance of including high enough statistics, as done now, to allow for a trustworthy fit also in the UV. Furthermore, we found that the Very Refined Gribov-Zwanziger is indistinguishable from the RGZ and therefore the relation 〈ϕ ϕ〉 = 〈ϕ ϕ〉 should hold. This is on par with the earlier observations of [7] .
From the point of view of the gluon propagator, the analysis performed within the Gribov-Zwanziger approach, associates to the infrared region of the propagator a pair of complex conjugate poles given by p 2 = −0.23 ± i 0.44 GeV 2 from the infrared data, i.e. the results of Sec. 2.1, or p 2 = −0.25 ± i 0.43 GeV 2 is from considering the global fit of Sec. 3. Clearly, this result supports that the gluon is not a physical propagating particle.
For the analysis of the lattice results and within the Gribov-Zwanziger approach, it would be interesting if expressions beyond the tree level approximation were available, at least for the gluon propagator 1 . So far the Gribov-Zwanziger scenario were "validated" by the lattice only from studying the pure gauge two point function correlation functions and relying on its tree level predictions. Despite the difficulties of the calculation suggested, it would be interesting to get predictions from higher order perturbation theory which could be confronted with high precision lattice results and with other non-perturbative approaches. Recently, in [46] a study of the ghost-gluon vertex within the Gribov-Zwanziger scenario were performed with the results reproducing the lattice data. However, the poor quality of lattice data available for the three point functions does not allow to arrive at firm conclusions [47, 48, 49] . Unfortunately, due to the way lattice simulations access the ghost-gluon or three particle vertices, it will be rather difficult to improve the already published results.
One should also not forget that other approaches than the one analysed here, see for example [50, 51, 52, 53, 26, 54, 55, 38, 56, 57, 58, 59, 60, 61] and references therein, are available in the literature and in principle, similar studies as presented in the current paper could be applied to the there suggested analytical forms. We leave that for a separate study, as the involved functional forms suggested by these other pictures are far more complicated, next to sometimes containing extra fitting parameters, so getting a decent χ 2 Open symbols are associated with the fits to the ensemble having a smaller number of gauge configurations but a larger physical volume, while full symbols are associated with the fits to the larger ensemble but smaller physical volume. 
